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SCOPE 
One approach to the design and optimization of a 

large processing system is to develop an executive com- 
puter program coordinating the subroutines which per- 
form the design computation for the process units. In- 
tegral in this approach is the specification, a priori, of 
a precedence-ordering which determines the sequence in 
which each subroutine is to be computed. An input proc- 
ess stream to a subroutine which has not been specified 
at the time of computation is called a recycle or torn 
stream because the stream must be cut by assuming initial 
values to all the variables that are present in that stream. 
This process allows the subroutine computation to be con- 
tinued. An iterative method is then employed to force 
convergence of the torn stream to withiq a specified tol- 
erance. 

The present paper solves the minimum weighted recycle 
stream problem where each stream is assigned an arbi- 
trary weighting factor, and a precedence-ordering is 
sought which gives rise to a set of tom streams with 
minimum weighting sum. This approach includes both 
the minimum recycle variable and the minimum recycle 
stream problems as special cases. The first is obtained by 
equating the weighting factor to the number of variables 
that are present in a stream, and the second by allowing 
all the weightings to be unity. 

Two previous algorithms using the method of dynamic 
programing (Sargent and Westerberg, 1964; Upadhye and 
Grens, 1972) have been proposed which can always ob- 
tain an optimal torn set. Because of the inherent dimen- 
sionality difficulty associated with dynamic programing, 
these methods cannot, in general, be used to solve Iqrge 
recycle problems. A more efficient procedure, which how- 
ever does not always guarantee optimality, is the direct 
graph simplification technique first proposed by Sargent 

and Westerberg (1964) and later expanded by Christensen 
and Rudd (1969). The simplification technique seeks to 
reduce a process flow sheet graph to a null graph by 
systematically eliminating streams and merging nodes in 
a manner such that the problem solution is unchanged. 
The simplifications involve (1) the two-way edge reduction 
which cuts a recycle loop formed by two process streams 
and (2) the elimination of process streams which are in- 
eligible to be a member of the optimal tom set. In many 
cases considered, the simplification technique results in 
a residual graph which must be further analyzed by other 
combinatorial techniques. Sargent and Westerberg used 
the dynamic programing approach, and Christensen and 
Rudd suggested examining all the possible combinations 
of the index nodes. Both approaches are not always effi- 
cient and can involve severe combinatorial difficulty. 
Barkley and Motard (1972) suggested a different varia- 
tion to the graph simplification technique by performing 
an interval reduction procedure to a signal flow diagram 
which is readily obtainable from the process flow sheet 
graph. This method, however, is limited to problems with 
only unit weightings. 

In this paper we shall derive a Basic Tearing Algorithm 
(BTA) which is shown to be a generalization on the pre- 
vious concepts of ineligible stream and interval reduction. 
The BTA identifies and eliminates the ineligible streams 
directly on a signal flow diagram, thus achieving a re- 
duction of the problem solution. The concept of two-way 
edge reduction will also be extended to the signal flow 
diagram to aid the effectiveness of the BTA. Any re- 
sidual graph which is not reducible by the BTA and the 
two-way edge reduction can be further analyzed by a 
branch and bound method. Detailed examples to illustrate 
the methods are given. 

CONCLUSIONS AND SIGNIFICANCE 
The Basic Tearing Algorithm is shown to be a gen- 

eralization of the previous concepts of ineligible streams 
which can lead to the identification of a greater number 
of the ineligible streams. A systematic elimination of 
these streams from a signal flow diagram will lead even- 
tually to the identification of the optimal tom .set. I t  is 
further shown that the concept of internal reduction is 
a special case of the BTA when the latter is applied to 

a recycle problem with unit weightings. The algorithm 
here proposed to ensure complete reduction of a recycle 
problem consists of first using the BTA, then the two- 
way edge reduction, and finally a branch and bound 
method. The first two parts are found to be sufficient to 
solve a large class of problems. This is illustrated by ap- 
plying the method to a number of well-known examples, 
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as well as counter-examples which previous methods have 
failed to resolve. In the event that the first two parts of 
the algorithm fail to reduce a signal flow diagram com- 

pletely, the branch and bound method guarantees an 
optimal solution at the expense of few additional enumera- 
tions. 

GRAPH THEORY 

As we shall repeatedly refer to the properties of a 
finite directed graph, a brief review of graph theory is 
in order. 

A finite directed graph G(V, E )  is a finite collection 
of nodes V whose elements are joined by a finite set of 
directed edges E .  Two nodes ui and u, from V are joined 
by a directed edge eij if and only if the edge eij is origi- 
nating from ui and terminating on uj. The node ui is re- 
ferred to as being an immediate predecessor of uj, and 
uj as an immediate successor of ui. The set of all the im- 
mediate successors to a node u is called the mapping of 
u by a function T and is denoted by T( u) . Conversely, 
the set of all the immediate predecessors to u is denoted 
by the inverse mapping T-1 (u) .  

A path between two nodes uio and uin in G(V, E )  is 
an ordered collection of directed edges eioileili2 . . . . 
ein--lh such that eiOil originates from uio, and einWlin ter- 
minates on uh. As each edge is directed toward a node, 
a path is called simple if it encounters no node twice and 
cyclic if it originates and terminates on the same node, 
that is, io  = in. A simple loop is a simple cyclic path with- 
out regard to its endpoints. 

A cyclical graph is a subset of G(V, E )  such that there 
exists a simple path within the set from any node to an- 
other node. I t  can be shown easily that a cyclical graph 
contains at least a simple loop. A cyclical loop is maximal 
if and only if it is cyclical and contains all other cyclical 
graphs as its subgraph. If a graph contains no simple 
loop, it is called acyclic. The in-degree 8+ ( v )  of a node 
v in G(V, E )  is the number of edges directed toward it, 
and its out-degree k ( u )  is the number of edges directed 
out from u. The sum of in- and out-degrees is called the 
degree of u and is denoted by 6(u) .  

PRINCIPLE OF DECOMPOSITION 

A method of representing a process plant for computer 
simulation is to construct a process flow sheet graph in 
which the nodes represent the subroutines for unit com- 
putations and the directed edges represent the process 
streams. Each node therefore defines a mapping whereby 
the variables in the output streams can be computed by 
specifying the variables in the input streams. As a rule, 
only the interstreams between the nodes are retained 
while the interface feed and product streams are deleted 
from the graph. The result obtained is a finite directed 
graph. 

The simulation begins by first specifying a precedence- 
ordering which determines the computation sequence of 
the process unit subroutines. If an input stream to a node 
is not specified at the time of computation, it is called a 
recycle stream. It can be shown that for an acyclic graph 
a precedence-ordering can be found so that it gives rise 
to no recycle streams (Christensen and Rudd, 1969). The 
same method used to determine this precedence-ordering 
can also be used to delete all the acyclic subgraphs from 
the original flow sheet graph, leaving a cyclic subgraph. 
A useful concept which can reduce the labor of analyzing 

AlChE Journal (Vol. 19, No. 6) 

a complex cyclic graph is the partitioning of the graph 
into a number of maximal subgraphs. This enables the re- 
cycle calculations to occur within a smaller subgraph than 
the original. The maximal cyclical graphs can be further 
ordered so that completing the computations in one sub- 
graph will assure that all the variables in the subsequent 
subgraphs be known. We shall henceforth refer to a re- 
cycle system as being one of the maximal subgraphs. 
Methods of performing the above partition have been 
described elsewhere ( Christensen and Rudd, 1969; Ledet 
and Himmelblau, 1970) and are omitted here. 

l e a  rin g 

By definition of the maximal cyclical graph, a recycle 
system must contain at least a simple loop. A common 
method of cutting this loop i s  to assume initial values 
for all the variables in any one of the streams which con- 
stitute the loop. The loop is said to be torn at the chosen 
stream. If all the loops in the recycle system are torn in 
this manner, the resulting graph becomes acyclic and can 
then be precedence-ordered and computed to produce 
a set of new values for the torn variables. An iteration 
procedure is then performed to force the agreement be- 
tween the assumed and computed torn variables to some 
specified tolerance. 

It is apparent that different combinations of the streams 
can be chosen as the torn set, and the set with the mini- 
mum number of variables would appear as a good choice 
since it gives rise to the fewest iterates. A method by 
which this torn set can be selected is to assign a weighting 
factor to each process stream and to set the value equal 
to the number of variables that are present in that stream. 
A learning procedure can be used to adjust the weight- 
ing of any stream which converges with difficulty (Sar- 
gent and Westerberg, 1964). Therefore we can view the 
optimum tearing problem as being directed to finding a 
tom set with a minimum weighting sum. 

THEORY: A LOOP MATRIX FORMULATION 

Let L = {Zi} denote the set of all the simple loops in 
a recycle system which is represented by its finite directed 
graph G = G(V, E ) .  Methods of tracing all the loops 
have been described by Norman (1965) and Weinblatt 
(1972). We can define a loop matrix A whose elements 
are given by 

1, if stream sj formed part of loop 4 
aij { 0, otherwise 

Let us further define Ri = {s&j = l} representing the 
set of stream columns whose row i have nonzero element 
1 and Cj = {&laj = l }  representing the set of loop rows 
whose column j have nonzero element 1. Clearly all the 
loops in the set Cj can be torn by selecting the stream sj 
as the iterate. Stated in a different way, the column sj is 
said to cover the set of rows in Cp A set of stream col- 
umns which cover all the rows in the loop matrix will 
therefore open all the loops in G and is a feasible torn 
set. The set which gives rise to the minimum weighting 
sum can be found by solving the following linear integer 
programming problem: 
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subject to 
N 

aijxj z= 1 i = 1,2, .... M 
j=1 

and 
q = 1 or 0 

where p ( s j )  is the weighting factor of stream sj, N 
is the number of streams in G, and M is the number 
of loops in L. A stream sJ is selected as a torn stream 
if xj = 1, otherwise xj = 0. The first constraint re- 
stricts the selection of the torn set so that all the rows 
in the loop matrix can be covered. The solution of (1),  
given the matrix A, is also known as a minimum cover 
problem which finds applications in fields other than re- 
cycle problems (Roth, 1969; Rubin, 1971). An analytic 
solution to (1) is, at present, not feasible when the size 
of the loop matrix is moderately large. Two tearing algo- 
rithms which have used the loop matrix to solve (1) in a 
different manner have appeared in the chemical engineer- 
ing literature (Lee and Rudd, 1966; Upadhye and Grens, 
1972). However, the use of their methods must be pre- 
ceded by finding the loop matrix. In this paper, we shall 
utilize some results from the covering problem to develop 
a new tearing algorithm. The final algorithm does not re- 
quire knowledge of the loop matrix as in the previous 
work. 

The following reduction procedures and definitions are 
well known in the solution of the covering problem (Roth, 
1969) : 

(i) Row dominance: If there exist two rows i and f such 
that Ri Rj, then any stream column that covers row i 
must also cover row i; thus row i can be deleted from 
matrix A without affecting the optimality of ( 1) .  

( i i )  Column dominance: If there exists a stream column 
Sm and a stream index set r such that 

ctnc c k  
kd? 

and 

kr6  

are satisfied, then the stream set { S k l k d ? }  are said to 
dominate the stream column sm. This is because the rows 
that can be covered by s, can also be covered more effec- 
tively by the first stream set with lesser cost. The stream 
column s, is therefore redundant in the presence of stream 
columns whose indices are in r and can be deleted from 
A. 

(iii) Essential column: A stream column Sm is essential 
if and only if there is a row i whose only nonzero element 
lies in the same column, that is, Ri = { s m } .  In this case 
the only way that row i can be covered is by selecting 
s, as being a member of the optimal solution. Since select- 
ing sm also cuts all the loops in C,, we can delete both the 
stream column s, and all the rows in C m  from the loop 
matrix. 

The essential columns usually appear after the row and 
column dominances are repeatedly identified and elim- 
inated. If the reduction process can continue until all the 
rows have been covered, an optimal solution to (1) is 
obtained without resorting to an analytical method. 

To illustrate the procedures, consider the recycle system 
shown in Figure l a  with the weighting factors enclosed 
in the parenthesis. The loop matrix to the system is shown 
in Figure lb.  In the matrix, C1 = {II, Z5, Z7} c C2 = 

'1 '2 '3 '4 '5 ' 6  '7 ' 3  '9 '10 ......................................... 
:1 1 1 1  1 :  11 * 

l2 : 1 1 1  1 :  

13 * 1  : 1 1 1 :  

1 

: 1  1 1 1 
15 : 

1 1  1 16 : 
17 : 
lg i l  1 1 1 

lg i 
P(Si) 3 2 1 4 1 3 5 7 1 2 

. 
1 1 1 

* 

1 1 1 ......................................... 

( b f  

Fig. 1. A recycle system and its loop matrix. 

{ 11, Z3,  I,, Z5, 17, Is} and p (s1) > p ( s2) ; thus stream column 
s1 is dominated by s2 and is deleted from A. Similarly, all 
the stream columns &3, s7, and $8 are dominated by the 
stream set {sz, s5} and their removal results in essential 
columns s2 and s5 appearing in rows 5 and 6, respectively. 
The deletion of both the essential columns and all the 
rows in C2 and C5 will cut all the loops in the recycle sys- 
tem. Thus, the optimal tom set has been found to be 

We note here that the same line of reasoning is also 
used in the tearing algorithm proposed by Lee and Rudd 
(1966). When the loop matrix has a large number of 
stream columns, it is apparent that the checking for con- 
tainment which satisfies the column dominance in (2) can 
involve severe combinatorial difficulty. This in turn makes 
the solution by this approach less appealing. We shall later 
derive a more direct method of using the column dom- 
inance. 
Two-way Edge Reduction 

Although the row and column dominances and the 
essential column can reduce the problem solution without 
sacrificing optimality, they do not always reduce the loop 
matrix completely. A two-way edge reduction can be 
derived to further reduce the matrix. 

Let us consider a row p from a loop matrix which has 
only two nonzero elements in the stream columns s, and 
s,, that is, R, = {Sm, s,}. The loop lp is said to form a 
two-way edge between streams s, and sn. A two-way edge 
is simple if and only if it does share sm and sn with other 
two-way edges. In order to cut loop ,$,, it is necessary and 
sufficient to select only one stream from R, to be the torn 
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stream and never both. This follows from the obvious 
fact that in any precedence-orderings involving nodes vm 
and v, where S, and s, are their output streams, respec- 
tively, only one stream from Rp can serve as a recycle 
stream. For example, if urn proceeds v, in the precedence- 
ordering, then sn will be the recycle stream, and vice 
versa. 

Without loss of generality, let US assume p ( S m )  4 p (Sn) 
where p(sm) and p ( s n )  are the weighting factors of 
streams sm and sn, respectively. Subtract p ( s m )  from the 
weightings of both sm and s,, and call the solution to (1), 
with these new modified weightings, problem (1’). It  
follows that the optimal torn set obtained from solving 
(1’) will be the same as (l), except that its optimal 
objective function will be smaller by the amount p(srn) .  
In solving problem (1’), we note that at least one stream 
s, will have a zero weighting factor and will not con- 
tribute to the optimal objective function. We can there- 
fore regard sm as being a probable torn stream and pro- 
ceed to delete stream column Sm and loop rows in C m  
from the modified loop matrix. This can result in a 
reduced loop matrix from which the reductions of row 
and column dominances and essential stream can be fur- 
ther employed. 

A probable torn stream will become a torn stream pro- 
vided that the compliment stream s, which forms a sim- 
ple two-way edge with sm is later found to be dominated 
by another stream set; otherwise the probably torn stream 
is deleted from the optimal torn set. This is because only 
one stream from the set {sm, s,} can be chosen as the torn 
stream. 

Non-Simple Two-way Edger 

A two-way edge between two streams Sm and snl is 
non-simple if at least one of the streams is shared by 
another two-way edge. The non-simple two-way edges 
arise frequently when a loop matrix is sufficiently re- 
duced by the row and column dominances. Let us assume 
sm also forms a two-way edge between ~ n 2 ,  ~ n 3 ,  .... Snq, 
respectively. In order to cut all the loops formed by the 

A 
two-way edges between sm and the stream set SN = 
{Snl, ~ n 2 ,  .... snq}, it is necessary and sufficient to tear at 
either or the stream set SN, and never both. Therefore, 
if any stream from SN is dominated by another stream 
set, all the streams in SN must be taken as being dom- 
inated streams, and if any stream is essential, all are also 
essential. This follows from the fact that if all the streams 
but sp in SN are torn streams, then in order to cut the 
two-way edge between s, and s,, the stream s, must be 
taken as a torn stream. This, however, is impossible, 
since all streams which also form a two-way edge with s, 
have been taken as torn streams, and this automatically 
excludes Sm from being a torn stream. 

In view of this result, we can rename all the stream 
columns sn1, sn,, .... snP by their set name SN, and com- 
pute the weighting of SN as the weighting sum of all 
streams in SN. Note that there are now q columns with 
name SN and weighting ~ ( S N ) .  We can now regard 
a two-way edge as being formed between stream col- 
umn Sm and any column named SN and proceed to 
apply the previous two-way edge reductions. If p (SN) 
p ( s m ) ,  then all the q columns named SN are declared 
as probably torn streams; otherwise Sm is a probable torn 
stream. 

As an example of two-way edge reduction, consider the 
loop matrix shown in Figure 2a. No row and column 
dominances can be identified, but all the loops are ob- 
served to be formed by two-way edges. Since the stream 

AlChE Journal (Vol. 19, No. 6) 

.................... 
l1 : 1 1 :  

0 

1 1 :  l2 i . 
l3 : 1  1 . . . 
l4 i 1 1 . . . . . 1 1  l5 i 
l6 : 1 1 . . . 0 . 
l7 : 1 1 . . .................... 

p ( s , )  2 1 2 3 1 2 
J 

s s s 5 s s  1 N 3 N N N  .................... 
l1 : 1 1 :  

l2 i 
b 
0 

1 1 :  
8 

l3 : 1  1 . 
l4 : 1 1 . 

1 1  l5 i . 
l6 : . 1 

. . . . . . . . 1 . . . .................... 1 1 l7 i 
p ( s J  2 7 2 7 7 7 

J 

s SN SPJ SN .............. 
l2 : 1 1 :  

l5 : 1  1 

l7 i 1 1 

P ( S j )  2 5 5 5 

. 
Y . . . . . .............. 

( C )  

Fig. 2. Two-way edge reduction. 

s1 forms two-way edges with streams s2, s4, s5 and $6, we 

7 (Figure 2b).  Since ~ ( S N )  > p ( s l ) ,  the stream s1 is 
a probable torn stream; its removal results in the reduced 
matrix shown in Figure 2c with the weighting ~ ( S N )  
reduced by 2. In the reduced matrix, column 3 is dom- 
inated by stream column s3; its deletion leaves s3 as 
essential. This step also implies that the probable torn 
stream s1 belongs to the optimal torn set. Deletion of the 
essential stream s3 will cut all the remaining loops, thus 
an optimal torn set has been found to be {a, s3}. 

have SN = (82, S4, S5, Ss} and ~ ( S N )  = 1 -k 3 -k 1 -k 2 = 
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(a) 

.............. - 1 1  : l1 : 

lj i 1 1  1 :  .............. 

............. 
ll : 1  1 

1* i l  1 

l3 i l  1 1 :  ............. 

s 2  =3  s 4  ............. 
l1 : 1  1 . . 
l3 : 1  1 1 :  . . ............. 

(f) (g) 

Fig. 3. Reduction of signal flow diagram. 

s;i s 4  ......... 
l1 : 1 
l3 i l  1 :  ......... 

A BASIC TEARING ALGORITHM 

In the previous section, simplifications to a loop matrix 
have been developed which can often bring a complete 
solution to a recycle problem. If the loop matrix to a proc- 
ess flow sheet graph is not available, the concept of row 
and coltunn dominances may still prove useful. Their 
applications to a signal flow diagram is shown here as 
readily obtainable from the process flow sheet graph. 

Given a process flow sheet graph G, its dual graph or 
signal flow diagram H is another finite directed graph in 
which the stream edges in G become the stream nodes in 
H .  Two stream nodes si and sj in H are joined by a di- 
rected edge from si to sj if and only if there exists a one- 
step path from the stream si to sj in the graph G. Thus a 
set of stream edges which formed a simple loop in G will 
have the same set of stream nodes joined in a closed path 
by directed edges in the signal flow diagram. This preser- 
vation of simple loops under the transformation to the 
signal flow diagram means that a loop can be cut either 
in the process flow sheet graph or its signal flow diagram. 

Ineligible Stream Node 
A stream node in a signal flow diagram is ineligible if it 

is dominated by another set of stream nodes, and a method 
by which it can be identified directly is given by the fol- 
lowing theorem: 

“Ineligibility Theorem: If stream node sm has a 
weighting factor p(sm) which is larger or equal to 
the weighting sum of its immediate successors T(srn)  
or its immediate predecessors T - l ( s m ) ,  then it is 
ineligible.” 
Proof: Consider a simple loop that passes through the 
stream node sm. This loop must also pass through one 
node from its immediate predecessors T-1 (s,) and 
one node from its immediate successors T(sm).  
Therefore, the set of loops that pass through s, must 
also be contained in the set of loops that pass through 
T(sm) or T - l ( s m ) ,  that is, 

c m  c - 2 ci 
im 

is satisfied, where r is the stream index set represent- 
ing either T(sm) or T-l(sm). Further if 
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then from (2) ,  the stream sm is dominated by either 
T ( sm) or T-’ ( sm) ; therefore sm is ineligible. 

Once a dominated stream is identified, its correspond- 
ing column in the loop matrix is deleted. Similarly a 
dominated row is also deleted. The extension of these 
reductions to a signal flow diagram can be shown to be 
equivalent to the following procedures: 

1. Delete the ineligible stream node s, from the signal 
flow diagram, and join the set of nodes in T - ’ ( s m )  to 
the set of nodes in T ( s m )  by directed edges originating 
from T-1( sm) and terminating on T (8,) . 

2. If more than two edges are directed from one stream 
node to another stream node, combine the edges into a 
single directed edge. 

Figure 3a, for example, shows a signal flow diagram 
consisting of four stream nodes with all weightings set 
equal to unity. Figure 3e shows its loop matrix as con- 
sisting of three loops. Stream node s1 is dominated by 
either s2 or s3, and it is removed by deleting SI and joining 
nodes s2 and s3 by a directed edge as shown in 3b. 
The equivalent deletion of s1 from the loop matrix gives 
rise to the matrix in 3f. As loop 11 is now dominated 
by 12, it is also deleted which results in the matrix shown 
in 3g. This reduction is equivalent to the merging of 
two edges directing out from node s3 and terminating on 
s2 (Figure 3c). 
Essential Stream Node 

One possibility which can result from the repeated re- 
moval of ineligible streams from a signal flow diagram is 
the appearance of nodes with a self-loop. Since a self-loop 
consists of only one stream node, it would appear in the 
loop matrix as a row with only one nonzero element at the 
corresponding stream column, Therefore any stream node 
with a self-loop must be essential and is a member of 
the optimal torn set. An essential stress stream column 
is removed from a loop matrix by deleting stream column 
sm and all the loop rows in C,. Since the set C, represents 
all the loops that pass through sm, an obvious equivalent 
reduction to a signal flow diagram is to delete node s,,, 
and all the edges connecting to it. This will automatically 
cut all loops that pass through node s,. 

In Figure 3c, the stream node s2 is dominated by sa, its 
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................................ 
s1 i 
s 2  : 1 1  : 
s3 i 1 

s5 ; 
1 

1 
' 6  : 
s7 

'3 : 
1 

1 1 
39 i 1 

s l o  i... ............... 1 

1 1 :  

1 
1 ,..... 

3 

2 

1 
4 

1 
3 

5 

7 
1 

2 

( b )  

Fig. 4. Signal flow diogram for Figure 1 ond i ts  odjocency matrix. 

removal results in the reduced graph shown in 3d 
which has a self-loop appearing on s3. The equivalent 
loop matrix representation is shown in 3h. The removal 
of the essential stream s3 from the signal flow diagram in 
3d and from the loop matrix in 3h will cut all the 
loops. Therefore a solution to the recycle problem in Fig- 
ure 3 is given by sz as the only torn stream. 
Basic Teoring Algorithm (BTA) 

With the above preliminaries in hand, we are ready to 
state a Basic Tearing Algorithm (BTA) based only on 
the simplifications of the ineligible and essential stream 
nodes. This involves the steps: 

(1 )  START: set graph H equal to the signal flow dia- 

( 2 )  If H is empty, STOP; otherwise untag all nodes in 

(3) Pick an untagged stream node s, from H ;  if all nodes 

If stream S, is not ineligible, tag s, and re- 
turn to step (3) ;  otherwise delete S, from H 
by means of the ineligible stream node reduc- 
tion. Examine for nodes with a self-loop. If 
there is none, return to step (3) ;  otherwise 
proceed to the next step. 
If sq has a self-loop, declare sq as a torn 
stream and delete sq from H by means of the 
essential stream reduction. 
Remove from H all nodes which have either 
no input or output edges. Remove also their 
connecting edges. 

gram of the process %ow sheet graph G. 

H and go to step (3) 

are tagged, go to step (4). 

(a)  

(c) 

(d)  
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(b) Return to step (2). 

(4)  The graph H is not reducible by the BTA. 

Algorithm Implementation 

The BTA can be implemented on a computer in a num- 
ber of different ways, depending on how a finite directed 
graph is stored in the computer (Evans et al., 1968). One 
method which has the advantage of simplicity and is suit- 
able for hand calculation is based on the representation of 
the signal flow diagram by its adjacency matrix. 

An adjacency matrix to a signal flow diagram is a zero- 
one matrix whose row i and column j represent the stream 
nodes si and sj, respectively. The ( i ,  j )  element is set equal 
to 1 if and only if there is an edge directed from node si 
to node sj in the signal flow diagram; otherwise it is set 
equal to zero. Therefore given a stream node Sm, its im- 
mediate successors are given by the columns which have 
nonzero elements in the row m; and the set of its immedi- 
ate predecessors is given by the rows which have nonzero 
elements in the column m. A self-loop on a node sg is 
characterized by the appearance of 1 on the diagonal 
element (q, 4). 

By the Ineligibility Theorem, we can determine the in- 
eligibility of a stream node Sm simply by scanning the 
row m and column m for its immediate successors and 
predecessors and comparing the weighting factors. If s, 
is dominated by its immediate successors T ( s m ) ,  the in- 
eligible stream s, is removed from an adjacency matrix 
by crossing out row m and column m; then for each 
stream s, in T (sm) , the elements in column p are modified 
by forming a Boolean sum with the corresponding ele- 
ments in column m. Similarly, if sm is dominated by its im- 
mediate predecessors T - l ( s r n ) ,  it is removed from an ad- 
jacency matrix by crossing out row m and column m, and 
for each sq in T-l(sm), the elements in row q are modified 
by forming a Boolean sum with the corresponding ele- 
ments in row m. If s, is essential, it is removed from an 
adjacency matrix simply by crossing out row m and col- 
umn m. 

To illustrate the BTA using the adjacency matrix, con- 
sider once again the recycle system shown in Figure 1. 
Its signal flow diagram and the equivalent adjacency 
matrix is shown in Figure 4. Both streams s1 and s4 are 
dominated by their immediate successor sz. Removing 
both the ineligible streams results in the matrix shown in 
Figure 5a with rows 1, 4 and columns 1, 4 all crossed 
out. From the matrix in 5a, both streams &3 and s7 are 
dominated by their immediate successors s2 and s5. Re- 
moving s6 and s7 gives the matrix in 5b. Finally stream 
ss is observed from the matrix 5b to be dominated by 
its immediate successors sz, s3, s5 and s10. Removing ss 
gives rise to the matrix 5c. The last matrix 5c has 
two nonzero elements appearing on the diagonal entries 
(2 ,2)  and (5 ,5)  therefore both s2 and s5 have self-loops 
and belong to the optimal torn set. Removing the essential 
stream sz and s5 by crossing out rows 2 ,5  and columns 2 ,5  
will leave columns 3, 9, and 10 all without nonzero ele- 
ments. This implies they are nodes without any input 
edges, and therefore they are removed by crossing out the 
respective rows and columns. This leaves an adjacency 
matrix with all rows and columns crossing out, implying 
an empty signal flow graph H .  Thus the BTA terminates 
having identified s2 and s5 as the optimal torn set, the 
same result obtained earlier. 

It is noted here that the step by step reduction of the 
BTA can be carried out all within the original adjacency 
matrix by merely ignoring the rows and columns which 
have been crossed out. This makes the algorithm ex- 
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Fig. 5. Application of BTA using adjacency matrix. 
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tremely easy for hand calculation of moderately large 
recycle problems, Figures 6 through 8 are well-known 
examples taken from previous works (Sargent and Wester- 
berg, 1964; Christensen and Rudd, 1969) that are suc- 
cessfully solved by the BTA. All the weightings used in 
these examples are assumed to be unity. The result is 
significant because the problems have been solved with- 
out additional reduction by the two-way edge required in 
previous methods. 

APPLICATION OF TWO-WAY EDGE REDUCTION 

The Basic Tearing Algorithm fails when none of the 
stream nodes in the signal flow diagram can be identified 
as ineligible. It has been found, however, th.tt in many 
cases considered the BTA can reduce the signal flow dia- 
gram sufficiently so that loops which are formed by two- 
way edges can appear. I t  was shown previously that only 
one stream from the two streams which form a simple 
two-way edge can be a recycle stream. For this reason we 
have chosen the stream s, with the lower weighting as 
a probable torn stream and removed sm from the signal 
flow diagram. At the same time the weighting of the 

Fig. 6. Sargent and Westerberg example. 

' 6  0- I 
I 

Fig. 7. Christensen and Rudd example No. 1. 

Fig. 8. Christensen and Rudd example No. 2. 
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t o r n  s t r e a m  - 
Fig. 9. Counter-example of Christensen and Rudd's algorithm. 

other stream s,, which forms a simple two-way edge with 
s, is reduced by an amount p ( s m ) .  The BTA can then 
be applied to the resulting signal flow diagram. The prob- 
able torn stream sm becomes a true tom stream if its 
compliment stream sn is later found by the BTA as being 
ineligible; otherwise s, is discarded and sn becomes the 
tom stream. 

If a two-way edge is not simple, then the modification 
as described previously must be followed. We shall 
illustrate the application of two-way edge reduction to 
the process flow sheet graph shown in Figure 9. The 
weightings in the graph are selected so that the system 
is not decomposable by the graph simplification tech- 
nique of Sargent and Westerberg (1964) and Christensen 
and Rudd ( 1969). 

A reduced signal flow diagram produced by applying 
the BTA is represented by its adjacency matrix shown 
in Figure 10a. No stream nodes can be found to be in- 
eligible; therefore, the algorithm stops. Two pairs of two- 
way edge are formed between s 1  and so, and s14 and s6 

with s,3 as the common node; therefore, they are not 
simple. We have SN = ( ~ 1 ,  s14) and ~ ( S N )  = p(s1 )  + 
p(s14)  = 6 which is larger than p(s6)  = 5 where &3 is 
the compliment node to SN. Therefore we set 86 as a 
probably tom stream and cross out row 3 and column 3 
from the adjacency matrix. The column 1 is now without 
a nonzero element and is crossed out together with row 
1. This gives rise to the matrix shown in Figure lob. Ap- 
plication of the BTA will result in the final matrix shown 
in Figure lOc, which has a nonzero element appearing 
in the diagonal entry (6,6). Since the column 6 has 
been named SN, this implies the set of streams in SN, 
that is, s1 and ~ 1 4  are essential. This also means the prob- 
able torn stream s6 which forms two-way edges with SN 

'1 '4 '6 '11 '13 '14 '17 '19 ................................. 
1 1  1 

54 . 
. 

'1 ; 
S6 i 1 1 1 :  

1 1 

. 1 1  '14 : 
1 :  

1 1 ' l a  : ................................. 
( a )  

:: 
/I :4 16 '11 :lj :N 117 '1; ............................... 

'4 : 

sll 

sN 

517 

. 
'13 

S 
18 

'13 I I :  ................................. 
( C  1 

Fig. 10. An example for two-way edge reduction. 
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is not a torn stream. Removing the SN stream from the 
matrix in 1Oc as essential will make the signal flow 
diagram empty. Therefore, an optimal torn set to the 
recycle system in Figure 9 has been found to be (s1, ~ 1 4 ) .  

Another application of the BTA coupled with two-way 
edge reduction is the decomposition of the process flow 
sheet graph for a sulfuric acid plant in Figure 11 (Figure 
7 in Barkley and Motard 1972). An optimal torn set 
when all the weightings are unity (minimum recycle 
streams problem) is found to be (s4, S31, s45, 858, SeO}. This 
set is obtained after one application of the two-way edge 
reduction by declaring s4 as a probable torn stream. This 
stream is later confirmed as a true tom stream. By con- 
trast, the five-member torn set found by Barkley and 
Motard is (~31, s46, s58, s60, &35}. This demonstrates that the 
optimal torn set to a recycle problem is not necessarily 
unique. Sometimes an alternative torn set to the presently 
found set may prove to be more desirable. This can be 
achieved by the present method in a number of ways. 
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t o r n  s t r e a m  - 

Y 

s 
39 

Fig. 11. Sulfuric acid plant example. 

One is to declare, at the outset of applying the BTA algo- 
rithm, the unwanted torn stream as ineligible regardless 
of whether the stream satisfies the Ineligibility Theorem. 
Another is to assume an arbitrary high weighting to the 
unwanted torn stream. For example, if s05 is the unwanted 
torn stream found from the Barkley and Motard's method, 
we can assign a weighting, say p(s05) = 3, to s05; the 
present method will then try to seek an alternative five- 
member torn set which excludes s05. If this is not possible 
the algorithm will automatically generate a six-member 
torn set if there is one. We have shown here that a five- 
member torn set which excludes sB5 does exist for the 
sulfuric acid plant example. This flexibility of choosing 
an alternative optimal torn set is one useful feature 
offered by the present approach. 

As a further illustration of the effectiveness of the 
BTA coupled with the two-way edge reduction, Table 1 
lists an arbitrary set of weighting factors for the stream 
edges in the sulfuric acid plant example. For this set of 
weighting factors, it can be shown that the previous 
graph simplification techniques (Sargent and Westerberg, 
1964; Christensen and Rudd, 1969) cannot reduce the 
process flow sheet graph completely. In addition, the 
problem size is too large for the dynamic programming 
algorithms (Sargent and Westerberg 1964; Upadhye and 
Grens, 1972) to be feasible. In the present method, 
application of the BTA alone identifies the following set 
of streams as belonging to the optimal tom set: 

(83.2, s3s, s40, ~ 4 3 ,  s5a> (3)  

and generates a signal flow diagram which is represented 
by its adjacency matrix as 

s5 I 1 1 1 1 1  1 3  
1 l 1  

1 1  1 1  2 sg I 
s13 1 1 1 1  

1 1 '  2 
sll I 
s15 I 
S18 I 1 1 1  1 1  
s25 I 1 1 1  1 1 1 1  2 
sze I 1 I 1  
s02 1 1 1  2 

1 1 1  ~ 0 3  I 1 1 
s04 I 1 1 1 1 3  

i P(8t) 
,------------ ---- 

I 

f (4) ------ -----______ 
In the matrix (4), the columns are named in the same 
order as its rows. The row 6 identifies stream s18 as form- 
ing a two-way edge with streams in s~~ = ( ~ 1 5 ,  S S Z } ,  and 
row 10 identifies s63 as forming a two-way edge with 
streams in S N ~  = {sg, s11, ~ 2 5 ) .  Applying the two-way edge 
reduction to and S N ~ ,  and 863 and S N ~  will reduce the 
signal flow diagram to an empty graph with the stream 
set {SIB, s63, s04) identified as an optimal torn set. Adjoin- 
ing this set to the torn set in (3) will give an optimal torn 
set to the sulfuric acid plant example with weightings 
given by the values in Table 1. 
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achieve this by observing that in order to solve for the 
variable in a stream sm, all the stream nodes which imme- 
diately precede sm in the signal flow diagram must be 
specified. Therefore, if a signal flow diagram H R  is not 
decomposable by the BTA, a good lower bound for de- 
composing H R  is given by 

r -l 

TABLE 1. WEXCHTINC FACTORS FOR SULFURIC ACID 
PLANT EXAMPLE 

9 
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1 
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82s 
s26 
%7 
S28 

S29 
s30 
s3 1 
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843 
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1 
2 
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S48 
849 
s50 
85 1 
s52 
s53 
854 

855 856 

857 
S58 

s59 
s60 
s6 1 
sez 
S63 
864 
s65 867 

s68 

s69 

6 
1 
5 
7 

1 
2 

BRANCH AND BOUND METHOD 

In the event that the BTA coupled with two-way edge 
reduction fails to reduce a signal flow diagram, the final 
phase of the proposed algorithm calls for using a branch 
and bound method (Mitten, 1970). This method guaran- 
tees an optimal solution in all cases. 

The branch and bound method is a clever enumerative 
scheme for solving optimization problems. Its advantage 
is derived from the fact that, in general, only a small 
fraction of the possible solutions need actually be enumer- 
ated, the remaining solutions being eliminated from con- 

deration through the application of bounds that estab- 
:h that such solutions cannot be optimal. Consider, for 

.xample, a problem which can be branched into two 
subproblems A and B, and whose solution includes the 
optimal solution to the original problem. If a lower bound 
(l.b.)B to the problem B is readily obtained and it is 
known that the optimal solution to problem A is less 
than ( l . b . ) ~ ,  then it is clear that we need not solve for 
the optimal solution to problem B. This follows since the 
optimal solution to the original problem cannot be ob- 
tained by solving problem B. 

The branching and bounding operation can be applied 
recursively to any subproblem whose optimal solution is 
not readily solved. The branching process will eventually 
lead to a subproblem which can be solved for its optimal 
value. Once this value is obtained, any subproblem whose 
lower bound is larger or equal to this value can be elim- 
inated from further consideration. The subproblems whose 
lower bound is less than the optimal value must be further 
branched into their subproblems and have their new 
lower bounds determined. Two possible outcomes can 
result from the above procedure. One is that some sub- 
problems are eliminated from further consideration and 
the other is that the remaining subproblems are solved 
for their optimal values. The optimal solution to the 
original problem is then given by the minimum of those 
subproblems solved. 

Lower Bound 
The application of the branch and bound method to a 

recycle problem requires that a lower bound to an arbi- 
trary signal flow diagram be evaluated efficiently. We can 

where the minimization is taken over all the stream nodes 
in H R  and r is the stream index for the set of all the 
immediate predecessors to sj, that is, T-1 (sj) . 

A signal flow diagram H usually consists of a subgraph 
which is decomposable by the BTA and a remaining sub- 
graph H R  which is not. If a torn set is found by using the 
BTA, then its weighting sum must be added to the lower 
bound found by (5) to give a lower bound to the signal 
flow diagram H .  
A Worked Example 

To illustrate the branch and bound method, we shall 
apply it to the reduced signal flow diagram after the BTA 
has been applied to the process flow sheet graph of the 
sulfuric acid plant shown in Figure 11. The adjacency 
matrix which represents this signal flow diagram is given 
in (4 ) .  

In order to define the branching operation, we observe 
that a stream node sm from a signal flow diagram must be 
either ineligible or essential. We can therefore define the 
following two subproblems: 

Subproblem G ( smCi)) : 
All solutions to the original problem such that Sm 

is ineligible. 

All solutions to the original problem such that sm is 
essential. 

It is obvious that the optimal solution must fall in one of 
the two subproblems. The stream node sm is chosen 
arbitrarily to be the node in the signal flow diagram with 

Subproblem G ( s ~ ( ~ ) )  : 

................................ 
* 1  1 1 1 1  : 

1 

1 1  1 1  

I 1 .  
1 1 :  

1 1 1  . 
1 .. 1 1 .  

' 1  1 1 1 1  1 1 1 :  
. 1  1 1 1 1  1 1 1 .  ................................ 

( a )  sZ5 ineligible 
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s5 : 1 1 1 1 1  : 
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Fig. 12. Example for the branch and bound method. 
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the maximum degree. From the adjacency matrix (4), 
stream nodes s11, ~ 2 5 ,  and s63 all have the maximum degree 
of 8, from which we choose arbitrarily sm to be $25. The 
adjacency matrices, after ~ 2 5  is assumed ineligible and 
essential, are shown in Figures 12a and 12b, respectively. 

In the subproblem G (~25(~)), two self-loops appear on 
the stream nodes 863 and 864 after s25 is taken as ineligible 
(Figure 12a). Application of the BTA after and s64 
have been removed will further identify s18 as essential 
and reduce the adjacency matrix completely. Therefore 
the branching to the subproblem G( ~25'~)) terminates with 
the optimal torn set found to be {s18,s63,s64} and the 
optimal value equal to 5. 

In the subproblem G(s25(e)) where s25 is assumed to be 
essential, the reduced adjacency matrix in Figure 12b is 
not decomposable by the BTA. The lower bound is com- 
puted using ( 5 )  and is found by taking the minimum 
value from the column where 2 p(s i )  is computed 

(Figure 12b). This gives a value of 2. We add to this 
value ~ ( ~ 2 5 )  = 2 because ~ 2 5  is taken as essential, thus 
giving a lower bound of 4 to the subproblem G ( ~ 2 5 ' ~ ) ) .  
Since this lower bound is smaller than the optimal value 
of subproblem C (~25("), further branching of G ( ~ 2 5 " ) )  is 
required. From the column where the degree 6 ( s i )  is 
computed (Figure 12b), stream node s11 has the maxi- 
mum degree of 8. Therefore, we can branch G(~25(e)) into 
the following two subproblems: 

Subproblem G ( sZ5(e), ~11(~)) : 

irr 

The set of all solutions such that ~ 2 5  is essential and 
s11 is ineligible. 

The set of all solutions such that both ~ 2 5  and s11 are 
essential. 

It can be shown (Pho, 1973) that the lower bounds to 
the subproblems G( sde) ,  SII(~)) and G ( ~ 2 5 ' ~ ) ~  SII(~)) are 
equal to 6 and 7, respectively. Because both are larger than 
the optimal value to subproblems G ( ~ 2 5 ( ~ ) ) ,  we can elim- 
inate all solutions to the subproblems G( ~25(~), sll(i)) and 
G(SZ5(e), s~I(~)). Therefore an optimal solution to the orig- 
inal problem where matrix (4) is the adjacency matrix 
is given by the solution to the subproblem G(~25' ' ) )  with 
the optimal tom set as {SIB, s63, SM} and the optimal value 
5. This is the same solution as found by the two-way edge 
reduction described previously. 

The solution steps involved in the branch and bound 

Subproblem G (~25"'~ sll(e)) : 

: l . l l " R t e a  E l r r l n a t  'd 

Fig. 13. Decision tree for the branch and bound method. 
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Branch and 

bound method 

I 0 iTOP 

Fig. 14. Flow chart for solving minimum recycle problem. 

method are most conveniently represented by the decision 
tree shown in Figure 13. In this figure, the lower bound 
(1.b.) to each tree node as well as the torn set found to 
that stage is listed. 

DISCUSSION 

We have presented here certain systematic procedures, 
all based on the direct graph simplification of a signal 
flow diagram, to find a set of recycle streams which gives 
the minimum weighting sum. The BTA coupled with the 
two-way reduction is straightforward to apply and ex- 
tremely efficient. Experience has shown that they are able 
to solve most of the cases considered (Pho, 1973). When 
the BTA fails, the branch and bound method will assure 
complete decomposition with few additional enumerations. 
We summarize the application of the proposed algorithm 
in the flow chart shown in Figure 14. Further specific 
details can be found in Pho ( 1973). 

We have largely presented the algorithm in the form of 
a verbal description to emphasize that its actual imple- 
mentation may vary in detail depending on the computer 
language used as well as the manner in which a finite 
directed graph is stored inside a computer. A method of 
implementing the BTA is described here using the adja- 
cency matrix to represent the signal flow diagram. This 
enables the BTA and the two-way reduction to be per- 
formed entirely on a single matrix; therefore, it is suitable 
to a rapid manual decomposition of a moderate large size 
problem. All the examples in this paper were solved in 
this manner. No comparison in terms of computer time 
with the other tearing methods was attempted; however, 
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several observations of their relative advantages can be 
made. 

Since the exact analytical approach (Sargent and West- 
erberg, 1964; Upadhye and Grens, 1972) using dynamic 
programming to solve the minimum recycle problem 
suffers an inherent dimensionality difficulty which limits 
their use to problems of moderate size, we will not dis- 
cuss them any further. The concept of the ineligible 
stream was first described by Christensen and Rudd 
(1969) who proposed the elimination of this ineligible 
stream directly on the process flow sheet graph where it 
is identified. A stream edge eij is ineligible in a process 
flow sheet graph if ( i )  eii is the only output stream of a 
node vi or the only input to a node vj, and (ii) the weight- 
ing factor of stream eij is greater or equal to the weight- 
ing sum of the input stream edges to v, or the weighting 
s u m  of the total output stream edges from vj. Both vi 
and vj are two nodes in the process flow sheet graph. 
Transforming all the stream edges that are connected to 
nodes vi and vj into their equivalent signal flow diagram 
where the stream edges become the stream nodes, it can 
be shown readily by the Ineligibility Theorem that the 
stream eij which is ineligible in the process flow sheet 
graph is also ineligible in the signal flow diagram. The 
converse, however, is not true as can be readily verified by 
considering nodes v[ and v{ when both have multi-input 
and output stream edges. The BTA which uses the In- 
eligibility Theorem as its means to identify ineligible 
streams is therefore a generalization on the concept of 
the ineligible stream. We must point out that the algo- 
rithm by Christensen and Rudd is performed directly on 
the process flow sheet graph and can be very efficient 
when it can reduce the graph completely. Otherwise the 
second part of their algorithm, which requires examining 
all the possible combinations of the index nodes, can 
involve severe combinatorial difficulty. We have also pre- 
sented two examples which the first part of the Christen- 
sen and Rudd algorithm fails to resolve, whereas no diffi- 
culty is encountered by the present method. 

When all the stream weightings are unity, the minimum 
recycle problem is reduced to finding a torn set which has 
the minimum number of streams. By the Ineligibility 
Theorem, any stream node in a signal flow diagram which 
has only one input or output edge is automatically in- 
eligible. For a recycle system which has many process 
units with only one input or output stream, the BTA alone 
is often sufficient to decompose the signal flow diagram 
completely, as is evidenced from the examples solved in 
Figures 6 through 8. Similar decomposition techniques to 
find the minimum recycle streams were also proposed by 
Barkley and Motard (1972) using an interval reduction 
procedure. A set of stream nodes S +  in a signal flow 
diagram will be reduced to an interval headed by a 
stream node sm if sm is the only immediate predecessor to 
each stream node in S+. This interval reduction is iden- 
tical to the reduction step we used to eliminate the stream 
set S+ which is ineligible because each node in the S +  
has only one input edge. Using this concept of interval 
reduction, we note that if each stream node in a stream 
set S- has only node s, as its immediate successor, then 
we can reduce all the streams in S- into a new interval 
tailed by s,,. This generalization of the interval reduction 
is precisely the BTA when the latter is applied to a signal 
flow diagram with unit weightings. As a consequence of 
this generalization, the examples in Figures 6 through 8 
have been solved without consideration of the two-way 
edge reduction, a step otherwise required by the Barkley 
and Motard algorithm. 
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NOTATION 

ail = ( i ,  j )  element of loop matrix A 
A = loop matrix 
Cj = defined as { Z i [ q  = l} 
E = set of directed edges in G 
eij = directed edge from vi to uj 
G = symbol for finite directed graph 
G ( ~ ~ ( ~ 1 )  = subproblem where Sm is ineligible 
G (s,(e)) = subproblem where Sm is essential 
L = set of all simple loops 
li = ith simple loop in L 
M = number of loops in L 
N = number of streams in G 
p (sj) = weighting of stream sj 
R, = defined as {sjlajj = 1) 
sj = jth stream 
SN = Nth stream set 
T (a)  = mapping for immediate successors 
T-1(  0) = mapping for immediate predecessors 
V = set of nodes in G 
vt = ith node in G 
xj = optimization variable defined in (1) 
Greek Letters 
a(.) = sum of 6+ (a) and 6-(.) 
6+ ( ) = in-degree 
S-(.) = out-degree 
r = stream index set 
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